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a b s t r a c t 

In this work, the Cazacu et al. (2006) is adopted to study the effect of the asymmetry between the ten- 

sile and the compressive plastic behavior in sheet metal forming. The example selected for this analysis 

is a cylindrical cup drawing, since it involves tensile and compressive stress states (Yoon et al., 20 0 0). 

The material selected is the 2090-T3 aluminum alloy, since the experimental data available includes both 

tension and compression yield stress in-plane distributions (Barlat et al., 1991b), which allows the use of 

a classical strategy for the anisotropy parameters identification. Different sets of parameters are identified 

for the CPB06, taking or not into account the strength differential (SD) effect and, consequently, consid- 

ering different sets of experimental data. All numerical simulations are performed with the DD3IMP fully 

implicit in-house code. 

The results show that the earing profile is mainly dictated by the compression r -values in-plane di- 

rectionalities, which are commonly unavailable for thin metallic sheets. The adoption of the CPB06 taking 

into account the tension-compression asymmetry, with an associated flow rule, enables the simultaneous 

prediction of both compression yield stress and r -values directionalities. The compression yield stresses 

directionalities seem to play a major role in the thickness prediction. Therefore, it is recommended the 

use of a yield criterion that is flexible enough to describe both the yield stresses and r -values direction- 

alities, including the ones in compression, even for materials that present a small SD effect. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Sheet metal forming processes are nowadays designed and op-

imized virtually using finite element analysis (FEA). Such virtual

ry-out approach is consensually accepted as the main reason for

he huge decrease in the time-to-market life cycle and for the no-

able savings in terms of money, time and effort in the design, pro-

uction and process set-up of new formed parts. The deep drawing

rocess, which consists in giving to a thin metal sheet, initially flat,

he desired shape, allows high volume production of sheet metal

arts of different complexities. Thus, one of the most important

ndustries exploring the advantages of this kind of process is the

utomotive, due to the high production rates. However, the suc-

ess of finite elements solvers on the design and optimization of

heet metal formed parts is strongly dependent on their ability to

ccurately describe the material’s mechanical behavior. 

Sheet metals, due to their crystallographic structure and the

ay they are obtained, generally exhibit anisotropy of their me-
∗ Corresponding author. 
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f  

f  

s  

ttp://dx.doi.org/10.1016/j.ijsolstr.2017.06.034 

020-7683/© 2017 Elsevier Ltd. All rights reserved. 
hanical properties. In fact, the rolling process induces a particular

ype of anisotropic behavior, characterized by the symmetry of the

echanical properties with respect to the three orthogonal planes,

.e. orthotropy ( Banabic, 2010 ). As this process makes the metal

heets orthotropic, different mechanical behaviors are expected for

ifferent loading directions and conditions. Moreover, sheet metal

orming processes are carried out with inhomogeneous deforma-

ion and under multiaxial strain paths. 

Phenomenological models are the most widely used to describe

he elastoplastic response of metallic sheets, since they are compu-

ationally efficient when compared with microscopic based models.

lso, it is common to adopt an associated flow rule, meaning that

he material’s orthotropic behavior is modeled by a yield surface,

hich describes the yielding and the plastic flow of the material.

his dual role of the yield surface requires a particular care and

ccuracy in its modeling and numerical implementation. 

For isotropic materials, the Tresca (1864) and von Mises

1913) are the most widely used yield criteria. As for yield criteria

or materials with orthotropic behavior, the Hill (1948) quadratic

unction was the first proposed for anisotropic materials and it is

till the most widely used. Nevertheless, other formulations have

http://dx.doi.org/10.1016/j.ijsolstr.2017.06.034
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2017.06.034&domain=pdf
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been proposed to improve the description of the mechanical be-

havior of orthotropic metallic materials, in particular aluminum

and its alloys (e.g. Barlat et al., (2005, 2003, 1997b, 1991a ), Banabic

et al., (20 0 0), Cazacu and Barlat (20 03, 20 01) , Comsa and Banabic,

(2007) Yoshida et al., (2013) ). In fact, several authors refer that

an improved modeling of both the materials yield stresses and r -

values in-plane directionalities improves the accuracy of the earing

profile prediction on the deep drawing of cylindrical cups ( Barros

et al., 2016a, 2015a; Chung et al., 2011; Mulder and Vegter, 2011;

Yoon et al., 2011 ). 

In most numerical analysis of metal forming processes, the

yield surface is assumed to possess a point-symmetry with re-

spect to its center, such that a stress state and its reverse state

have the same absolute value ( Banabic, 2010 ). However, it has

been shown that this can be an unrealistic approximation, even

for cubic metals (both face centered cubic (FCC) and body cen-

tered cubic (BCC)) ( Barlat et al., 1991b ). Therefore, Cazacu and Bar-

lat (2004) extended the Drucker (1949) isotropic yield function

to the anisotropic case through invariants generalizing, to enable

the description of both the materials anisotropy and the tension-

compression asymmetry, also known as strength differential ef-

fect. Later, Cazacu et al. (2006) presented another yield criterion

that enables describing also both effects using a linear transforma-

tion, with a fourth-order tensor, of the deviatoric stress tensor. This

formulation has the advantage of enabling the adoption of sev-

eral linear transformations in order to more accurately capture the

material’s anisotropic behavior ( Plunkett et al., 2006; Tritschler et

al., 2014 ). However, the adoption of several linear transformations

means that the yield surface modeling becomes more complex due

to the higher number of material anisotropy parameters involved,

also requiring more experimental data to enable its identification. 

The material anisotropy parameters identification must be per-

formed such that a given yield criterion reproduces the materials

mechanical behavior as close as possible. This procedure is typi-

cally based in an optimization problem regarding the minimiza-

tion of an error function, which evaluates the difference between

the estimated values and the experimental ones. The key idea is to

identify the material parameters in order to numerically obtain the

same results as the experimental ones. 

In this work, the DD3IMP in-house code ( Menezes and Teodo-

siu, 20 0 0; Neto et al., 2015; Oliveira et al., 2008 ) is used to per-

form the numerical simulation of a circular cup drawing, which

was chosen since it involves tensile and compressive stress states

( Yoon et al., 20 0 0 ). The numerical simulations are performed with

two yield criteria: (i) the CPB06 yield criterion, which accounts for

both tension-compression asymmetry and orthotropic plastic be-

havior; and (ii) the Cazacu and Barlat (2001) yield criterion, which

is known for its flexibility in describing highly anisotropy in-plane

behavior, due to the high number of anisotropy parameters, but it

does not allows the description of the SD effect. These yield criteria

are described in the following section. The identification strategy is

discussed in section three, assuming that only one linear transfor-

mation of the deviatoric stress tensor is applied in the CPB06 yield

criterion and the homogeneity parameter a = 2. In section four, the

numerical model adopted for the cup drawing is presented and the

anisotropy parameters identification procedures are applied for a

2090-T3 aluminum alloy. For the CPB06, different sets of param-

eters are identified, taking or not into account the SD effect and,

consequently, using different sets of experimental data. The results

obtained for the punch force evolution, the earing profile and the

thickness distribution are discussed. For the earing profile, the nu-

merical results are also compared with the ones obtained with an

analytical function ( Yoon et al., 2011 ), trying to separate the effect

of the compression yield stress and r -value directionalities. Finally,

in section five, the main conclusions are summarized. 
r

. Anisotropic yield criteria 

The Cazacu et al. (2006) yield criterion (CPB06) is adopted in

his work since it allows the description of both the orthotropic

ehavior and the SD effect, i.e. tension-com pression asymmetry.

he equivalent stress σ̄ associated with the orthotropic form of the

PB06 yield criterion is defined as 

¯ = B 

[
( | s 1 | − k s 1 ) 

a + ( | s 2 | − k s 2 ) 
a + ( | s 3 | − k s 3 ) 

a 
] 1 

a 
, (1)

here the exponent a , considered to be a positive integer, and k

re material parameters and s 1 , s 2 and s 3 are the principal val-

es of the tensor s . This tensor is determined following the linear

ransformation proposed by Barlat et al. (1997b) , such that s = C :
′ , where σ ′ is the deviatoric stress tensor and C is the constant

th-order transformation tensor. Using the Voigt notation, such as
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, (2)

he tensor C , which for 3-D stress conditions involves 9 indepen-

ent anisotropy coefficients, is expressed in the principal axis of

nisotropy as 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

C 11 C 12 C 13 0 0 0 

C 12 C 22 C 23 0 0 0 

C 13 C 23 C 33 0 0 0 

0 0 0 C 44 0 0 

0 0 0 0 C 55 0 

0 0 0 0 0 C 66 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

. (3)

B is a constant defined such that σ̄ reduces to the tensile yield

tress in the rolling direction and is given by 

 = 

[
1 

( | φ1 | − k φ1 ) 
a + ( | φ2 | − k φ2 ) 

a + ( | φ3 | − k φ3 ) 
a 

] 1 
a 

, (4)

ith 

 

φ1 

φ2 

φ3 

} 

= 

{ 

( 2 / 3 ) C 11 − ( 1 / 3 ) C 12 − ( 1 / 3 ) C 13 

( 2 / 3 ) C 21 − ( 1 / 3 ) C 22 − ( 1 / 3 ) C 23 

( 2 / 3 ) C 31 − ( 1 / 3 ) C 32 − ( 1 / 3 ) C 33 

} 

. (5)

The convexity is guaranteed for any integer a ≥ 2 and k ∈ [ − 1,

] ( Cazacu et al., 2006 ). 

The equivalent stress σ̄ associated with the isotropic form of

he CPB06 yield criterion is defined as in Eq. (1) and, in this case,

he constant 4th-order transformation tensor becomes the 4th-

rder identity tensor, such as C = I . Considering these conditions

nd a = 2, Eq. (4) becomes 

 = 

√ 

9 / 2 

3 k 2 − 2 k + 3 

. (6)

Therefore, if a = 2 and k = 0, then B = 

√ 

3 / 2 and σ̄ becomes the

on Mises equivalent stress. Moreover, for a material presenting

sotropic behavior, the coefficient k alone allows for the description

f the SD effect, giving a direct measure of the ratio between ten-

ile ( σ T ) and compressive ( σ C ) yield stresses ( Cazacu et al., 2006 ).

owever, for a material presenting orthotropic behavior it is not

ossible to define a single σ T / σ C ratio. In case of metal sheets, the

hree principal axis correspond to the rolling direction (RD), the

ransverse direction (TD) and the normal to the sheet plane direc-

ion (ND). Therefore, it is possible to define a ratio between tensile

nd compressive yield stresses for each axis, which will be labeled
T 
RD / σ

C 
RD 

, σ T 
TD / σ

C 
TD 

and σ T 
ND / σ

C 
ND 

, respectively. In this case, the stress

atios depend on both the anisotropy parameters and the k value. 
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The Cazacu and Barlat (2001) yield criterion (CB2001) is a gen-

ralization of the Drucker’s isotropic criterion to orthotropy and, in

ts general form, is given by 

¯ = 

{ 
27 

[ (
J 0 2 

)3 − c 
(
J 0 3 

)2 
] } 1 

6 

, (7) 

here J 0 
2 

and J 0 
3 

are the second and third generalized invariants of

he deviatoric stress tensor σ ′ , defined as 

 

0 
2 = 

a 1 
6 

( σ ′ 
11 − σ ′ 

22 ) 
2 + 

a 2 
6 

( σ ′ 
11 − σ ′ 

33 ) 
2 

+ 

a 3 
6 

( σ ′ 
11 − σ ′ 

33 ) 
2 + a 4 σ

′ 2 
12 + a 5 σ

′ 2 
13 + a 6 σ

′ 2 
23 , (8) 

 

0 
3 = ( 1 / 27 ) ( b 1 + b 2 ) σ

′ 3 
11 + ( 1 / 27 ) ( b 3 + b 4 ) σ

′ 3 
22 

+ ( 1 / 27 ) [ 2 ( b 1 + b 4 ) − b 2 − b 3 ] σ
′ 3 
33 

−( 1 / 9 ) 
(
b 1 σ

′ 
22 + b 2 σ

′ 
33 

)
σ ′ 2 

11 − ( 1 / 9 ) 
(
b 3 σ

′ 
33 + b 4 σ

′ 
11 

)
σ ′ 2 

22 

−( 1 / 9 ) 
[
( b 1 − b 2 + b 4 ) σ

′ 
11 + ( b 1 − b 3 + b 4 ) σ

′ 
22 

]
σ ′ 2 

33 

+ ( 2 / 9 ) ( b 1 + b 4 ) σ
′ 
11 σ

′ 
22 σ

′ 
33 

−
(
σ ′ 2 

13 / 3 

)[
2 b 9 σ

′ 
22 − b 8 σ

′ 
33 − ( 2 b 9 − b 8 ) σ

′ 
11 

]
−
(
σ ′ 2 

12 / 3 

)[
2 b 10 σ

′ 
33 − b 5 σ

′ 
22 − ( 2 b 10 − b 5 ) σ

′ 
11 

]
−
(
σ ′ 2 

23 / 3 

)[
( b 6 − b 7 ) σ

′ 
11 − b 6 σ

′ 
22 − b 7 σ

′ 
33 

]
+2 b 11 σ

′ 
12 σ

′ 
23 σ

′ 
13 , (9) 

here c, a 1 ,..., a 6 and b 1 ,..., b 11 are the anisotropy parameters. σ ′ 
ij ,

, j = 1, 2, 3 are the deviatoric stress tensor components defined

n the material frame. The conditions that guarantee the convexity

f CB2001 are unknown, except when assuming in-plane isotropic

ehavior, for which c ∈ [ − 3.75, 2.25] ( Cazacu and Barlat, 2001 ).

or further details concerning the constitutive model and the its

mplementation, please refer to ( Barros et al., 2016b, 2015a ). 

. Material parameters identification 

The anisotropy parameters should be determined such that

he yield criterion reproduces the material’s mechanical behavior

s close as possible. The most commonly used experimental re-

ults for the identification of anisotropy parameters are the yield

tresses and r -values obtained from in-plane tension for differ-

nt angles ( θ ) with the rolling direction. When adopting classical

ethodologies, usually these tests are performed for several di-

ections in the sheets plane (generally, 0 °, 15 °, 30 °, 45 °, 60 °, 75 °
nd 90 ° from the rolling direction). For some criteria, it is also

ecommended to know the experimental results for other trajec-

ories, like the biaxial yield stress, σ b , and the biaxial anisotropy

oefficient r b ( Barlat et al., 2003; Lege et al., 1989; Pöhlandt et al.,

002 ). In case of yield criteria capable of describing SD effects, uni-

xial compression experimental results are also necessary for de-

cribing the materials mechanical behavior for these stress states,

deally for the three axis of orthotropy. However, in order to char-

cterize thin metallic sheets mechanical behavior for compression

tress states, the use of small size specimens is necessary to avoid

uckling effects. This leads to supplementary difficulties in the ac-

uisition and analysis of the experimental results, particularly for

igh strain values (see e.g. Barlat et al., 1991b; Lege et al., 1989;

ritschler et al., 2014; Yoon et al., 20 0 0 ). 

The DD3MAT in-house code allows determining yield criterion

arameters that accurately adjust a given material’s experimen-

al behavior ( Barros et al., 2016c ). Those parameters can then be

sed in the numerical simulation of forming processes, using the

n-house code DD3IMP, where the yield are criteria implemented

 Menezes and Teodosiu, 20 0 0; Neto et al., 2015; Oliveira et al.,
008 ). The procedure adopted in DD3MAT is based on the mini-

ization of an error function, which evaluates the difference be-

ween the estimated values and experimental ones, in the form 

 ( A ) = w σ T 
θ

90 ∑ 

θ=0 

(
σ T 

θ ( A ) /σ T 
θ − 1 

)2 + w σ C 
θ

90 ∑ 

θ=0 

(
σ C 

θ ( A ) /σ C 
θ − 1 

)2 

+ w r θ

90 ∑ 

θ=0 

( r θ ( A ) / r θ − 1 ) 
2 + w τθ

90 ∑ 

θ=0 

( τθ ( A ) / τθ − 1 ) 
2 

+ w σb 
( σb ( A ) / σb − 1 ) 

2 + w r b ( r b ( A ) / r b − 1 ) 
2 (10) 

here A represents the set of parameters associated with the se-

ected yield criterion. σ T 
θ

, σ C 
θ

and r θ are the experimental yield

tresses in tension, compression and anisotropy coefficients deter-

ined in uniaxial tension, respectively, obtained from the uniaxial

ests for a specific orientation ( θ ) with respect to the rolling di-

ection. τ θ is the experimental yield stress in shear, obtained for

 specific orientation ( θ ) with respect to the rolling direction. σ b 

s the experimental yield stress obtained from the equibiaxial ten-

ile test and r b is the experimental anisotropy coefficient obtained

rom the disc compression test. σ T 
θ
(A ) , σ C 

θ
(A ) r θ ( A ), τ θ ( A ), σ b ( A )

nd r b ( A ) are the correspondent values predicted from the adopted

ield criterion. Such procedure can be considered a generalization

f the one proposed by Banabic et al. (2005) , where the weighting

actors, w σ T 
θ

, w σ C 
θ

, w r θ
, w τθ

, w σb 
and w r b 

are used to balance the

nfluence of the experimental data. Nevertheless, the selection of

he weighting factors is normally a manual procedure, strongly de-

endent on users’ expertise and knowledge. In practice, this means

hat a first identification is always performed, considering unitary

eights, to evaluate which experimental values are being reason-

bly well capture or not. Afterwards, the user can manually adjust

ach weighting factor, balancing the improvement in the fit of a

pecific experimental value, with the inevitable loss in the accu-

acy for the others. Since the identification procedure is sensitive

o the weights considered for each experimental value, the adop-

ion of this procedure introduces subjectivity in the definition of

he best fit. 

The experimental yield stress values can be used normalized

ith the yield stress given by the hardening law adopted. Never-

heless, the approach adopted in DD3MAT also allows considering

hat they correspond to the flow stress given by the hardening law

or a certain equivalent plastic strain value, as long as the hard-

ning law has been previously defined. This strategy enables the

doption of flow stress values determined for the same level of ac-

umulated plastic work, in order to minimize inaccuracies related

ith the evaluation of the transition between the elastic and plas-

ic behavior as well as some small changes in the yield surface

hape ( Barlat et al., 1997a ). 

The yield criteria parameters identification problem can be as

imple as a resolution of a system of equations, when the num-

er of experimental data is equal to the minimum necessary in-

ut data, or an optimization problem, when the number of experi-

ental data is higher than the minimum necessary. The optimiza-

ion algorithm adopted in DD3MAT is based on a downhill-simplex

erivative free method, allowing to find the minimum of the ob-

ective function in a multidimensional space, with a low computa-

ional cost. 

. Cup drawing of a circular blank 

The numerical simulation of the drawing of a circular cup is

erformed in order to analyze the influence of considering the SD

ffect in the final cup’s geometry. This test is based on the work

f Yoon et al. (20 0 0) and was chosen since it involves tensile and

ompressive stress states. In fact, as long as the stress component
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Fig. 1. Schematic of the cup drawing and main dimensions. 

Fig. 2. In-plane blank sheet discretization. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Experimental uniaxial tension and compression yield stresses and r -values for 

the 2090-T3 aluminum alloy ( Barlat et al., 1991b ). 

Test direction [ °] r -value σ Y T 
θ

[MPa] σ Y C 
θ

[MPa] Stress ratio 

0 ° 0.210 279.62 248.02 σ T 
RD /σ

C 
RD = 1.127 

15 ° 0.330 269.72 260.75 

30 ° 0.690 255.00 255.00 

45 ° 1.580 226.77 237.75 

60 ° 1.050 227.50 245.75 

75 ° 0.550 247.20 263.75 

90 ° 0.690 254.45 266.48 σ T 
TD /σ

C 
TD = 0.955 

σ b 289.40 

r b 0.670 
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in the thickness direction is small, the outer flange will be sub-

mitted to a compression stress state and the earing profile will

be mainly dictated by the in-plane distribution of the yield stress

and r -value ( Yoon et al., 2011 ). For a material presenting SD ef-

fect, the in-plane distribution of the yield stresses in tension and

compression can be quite different, meaning that it is expected to

be able to evaluate the impact of taking into account the tension-

compression asymmetry in the earing profile prediction. 

4.1. Problem description 

The schematic of the cup drawing process, together with the

main dimensions, is shown in Fig. 1 . Due to geometrical and mate-

rial symmetries, only a quarter of the global structure is modeled.

The contact with friction conditions is described by Coulomb’s law,

with a constant friction coefficient, μ, of 0.1. The blank sheet is cir-

cular in shape with a radius of 158.76 mm and thickness of 1.6 mm.

The blank-holder force has a value of 22.2 kN, corresponding to the

minimum value predicted to avoid wrinkling. Although not shown

here, for this blank-holder force it is observed that the stress state

component in the thickness direction is small, until a punch dis-

placement of approximately 25 mm, thus not altering the compres-

sion stress state in the circumferential direction, for the material

points located in the outer flange ( Barros et al., 2016a ). 

The sheet is discretized with 8-node hexahedral finite elements,

combined with a selective reduced integration technique ( Hughes,

1980 ). Fig. 2 shows the in-plane sheet discretization used, high-

lighting the refined mesh adopted in the structured zone. Two el-
ments are used in the thickness direction, leading to a total of

9,648 elements. 

.2. Material mechanical behavior 

The yield criteria parameters are identified considering the ex-

erimental data for the 2090-T3 aluminum alloy presented in Table

 , which considers experimental uniaxial tension and compres-

ion yield stresses, as well as the anisotropy coefficients for differ-

nt orientations with the rolling direction. The experimental yield

tress and r -value obtained from the balance biaxial test and disk

ompression test are also presented ( Barlat et al., 1991b ). 

This work considers a fixed value of a = 2 for the CPB06

ield criterion. Assuming this condition, three different sets of

nisotropy parameters were identified, considering: (i) k � = 0 and

ll the experimental data available, allowing for the modeling of

ension-compression asymmetry (labeled “CPB06”); (ii) k = 0 and

eglecting the experimental compression yield stresses (labeled

CPB06 k = 0 T”); and (iii) k = 0 and neglecting the experimental

ensile yield stresses (labeled “CPB06 k = 0 C”). For the particular

ase of the CPB06 with one linear transformation, adopted in this

ork, the yield criterion presents 9 anisotropy parameters and the

 value. When considering thin metallic sheets, the off-plane prop-

rties are difficult to obtain. Thus, the corresponding anisotropy

arameters, C 44 and C 55 , cannot be evaluated and, therefore, the

orresponding isotropic values are commonly adopted, i.e. 1.0.

oreover, the C 11 parameter is also considered equal to 1.0 due

o the homogeneity of the criterion. The adoption of this condition

liminates the possibility of obtaining non-unique sets of parame-

ers, i.e. sets with symmetrical values for k and the C ij parameters

hat lead to the same value for the objective function, as previously

eported in ( Barros et al., 2016b ). In brief, it is necessary to identify

 total of 6 anisotropy parameters and the k value. The identifica-

ion procedure assumes that k ∈ [ − 1, 1] and C ij ∈ [ − 4, 6]. 

For the CB2001 yield criterion, only one set of anisotropy pa-

ameters was identified, considering all the experimental data

vailable, except the compression yield stresses (labeled “CB2001”).

or this yield criterion, the parameters a 5 , a 6 and b k ( k = 6, 7, 8, 9,

1) correspond to the off-plane properties, which cannot be evalu-

ted and, consequently, are assumed as equal to the isotropic val-

es, i.e. 1.0. It is also assumed that a i ∈ [ − 10, 10], b i ∈ [ − 10, 10]

nd c ∈ [ − 3.75, 2.25]. The minimization process adopted for this

ield criterion includes testing the convexity of the yield surface,

or several planes in the stress space ( Barros et al., 2015a ). 

For both yield criteria the minimization problem associated to

q. (10) is over constrained, since a total of 23 experimental values

re used to identify only 7 parameters in case of CPB06, and 11

arameters in case of CB2001. In case of CPB06, when neglecting

he SD effect, a total of 16 experimental values were considered. 

The plastic behavior is described using an isotropic work hard-

ning Swift type law, given by 

 ( ̄ε p ) = K ( ε 0 + ε̄ p ) 
n 
, (11)
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Fig. 3. Experimental and predicted in-plane evolution of the: (a) yield stress (normalized with Y 0 ) and (b) r -value, for the 2090-T3 aluminum alloy. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 2 

Elastic properties and material parameters of the work harden- 

ing law Yoon et al., (20 0 0) . 

Elastic properties Isotropic hardening (Swift law) 

CPB06 k = 0 C All other cases 

E = 74 [GPa] K = 670 [MPa] K = 646 [MPa] 

υ = 0 . 34 ε0 = 0.0183 ε0 = 0.0250 

n = 0.2485 n = 0.2270 

Y 0 = 248.02 [MPa] Y 0 = 279.62 [MPa] 
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here Y is the flow stress and ε̄ p is the equivalent plastic strain.

he material’s mechanical behavior is assumed to be isotropic in

he elastic regime, being described by the Young’s modulus, E , and

he Poisson ratio, υ . 

Note that the CPB06 criterion guarantees that the yield stress

 0 considered is always equal to the one obtained for the uniax-

al tensile test performed along the rolling direction, σ T 
RD 

. Previous

esults indicate that the value proposed for the yield stress, Y 0 , de-

ned by the hardening law, should be in accordance with σ T 
RD , to

nable an accurate description of the in-plane yield stress direc-

ionalities ( Barros et al., 2015b ). Following this recommendation,

he parameters adopted for the Swift hardening law consider a

ield stress value Y 0 = 279.62 MPa, for anisotropy coefficients iden-

ified considering the tensile yield stress in-plane distribution. For

he same reason, for the case “CPB06 k = 0 C” it is necessary to as-

ume Y 0 = 248.02 MPa. Therefore, a new set of parameters for the

ardening law were determined by minimizing the difference in

he plastic work attained by the two hardening laws, for an equiva-

ent plastic strain value of 0.5. A summary of the elastic properties

nd the hardening law parameters is presented in Table 2 . 

The considered weighting coefficients for each criterion are pre-

ented in Table 3 , while the identified anisotropy parameters are

he ones presented in Table 4 . Fig. 3 presents the experimental and

umerically predicted yield stresses and anisotropy coefficients for

he four cases. The “CPB06” identification is able of simultaneously

redict the evolution of the yield stresses in tension and in com-

ression. The evolution of the tension yield stress is globally well

redicted, with the minimum occurring for 45 ° while from this an-

le forward the values are over predicted. As for the evolution of

he compression yield stresses, the main shape of the evolution is

aptured. For this identification, since k � = 0, the r -values evolution

s also different for tension and compression. The tensile r -values

how the same trend as the experimental ones with the lowest

alue at 0 ° and maximum at about 45 °. Regarding the compression

 -values no analysis can be performed, since the experimental val-

es are not known. Nonetheless, the results are shown to highlight
he difference in the predicted values. The stress ratios predicted

re σ T 
RD /σ

C 
RD 

= 1.106 and σ T 
TD /σ

C 
TD 

= 0.985, which means that they

re, respectively, slightly under and overestimated, with a relative

ifference inferior to 5% (see Table 1 ). Finally, it should be men-

ioned that since one linear transformation was adopted, the yield

riterion is not flexible enough to describe the highly orthotropic

n-plane behavior of this aluminum alloy. 

The CB2001 allows an excellent description of both tensile yield

tresses and r -values directionalities but, since it is unable to de-

cribe the SD effect, the stress ratio in the three principal axis is

lways equal to 1.0. The same stress ratios are valid for the identifi-

ations performed with k = 0. Regarding the “CPB06 k = 0 T” iden-

ification, the evolution of the tensile yield stresses and r -values

s relatively well captured. For the “CPB06 k = 0 C” identification,

ince the input yield stresses were the compression ones, in Fig.

 (a) a second green dashed curve is used to present a normaliza-

ion with the yield stress value Y 0 = 279.62 MPa, enabling its com-

arison with the experimental ones. This way it is possible to con-

rm that the evolution is globally well predicted. The predicted

 -values are very close to the previous case, “CPB06 k = 0 T”, en-

bling the analysis of the influence of the compression yield stress

irectionalities. 

The values predicted for the biaxial yield stress and biaxial

nisotropy coefficient are presented in Table 5 . These results are

ighlighted in Fig. 4 , which presents the corresponding yield sur-

aces in both the σ 1 , σ 2 plane ( σ 3 , σ 12 = 0) and the π-plane. All

hree CPB06 cases fail to recover the biaxial yield stress value, un-

erestimating it. The CB2001, however, presents a good fit. As for

he biaxial anisotropy coefficient, all the CPB06 cases overestimate

his value, with the “CPB06 k = 0 T” presenting the worst predic-

ion. The CB2001 presents a very accurate fit for this value. 

.3. Results and discussion 

The numerically predicted punch force and blank-holder dis-

lacement with the punch displacement are presented in Fig. 5 .

ven though no experimental results are available for comparison

urposes, these results are shown to highlight the importance of

he material mechanical behavior in the process conditions. Re-

arding the four cases, the results show that the punch force in-

reases until attaining a maximum value for a punch displacement

f about 31 mm, corresponding approximately to the instant where

he blank-holder displacement is maximum. From this instant, the

unch force decreases and, in some cases, presents a stepped de-

rease when the blank-holder loses contact with the blank, as seen

rom the dashed curves corresponding to the blank-holder dis-

lacement. Afterwards, an increase in the punch force is observed,
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Table 3 

Weighting coefficients used in the identification procedure (if not presented, assume as 1.0). 

CB2001 w r 45 
= 5 w r 75 

= 5 w r 90 
= 5 w σb 

= 20 w σ T 
60 

= 10 w σ T 
75 

= 10 w σ T 
90 

= 10 

CPB06 w r 45 
= 7 w σb 

= 20 w σ T 
90 

= 30 w σ C 
15 

= 40 w σ C 
30 

= 5 w σ C 
45 

= 5 w σ C 
60 

= 5 w σ C 
75 

= 5 w σ C 
90 

= 40 

CPB06 k = 0 T w r 0 = w r 15 
= w r 30 

= w r 60 
= w r 75 

= w r 90 
= 0 . 1 w σb 

= 10 w σ T 
60 

= 10 w σ T 
75 

= 20 w σ T 
90 

= 50 

CPB06 k = 0 C w r 0 = 0 . 7 w r 15 
= 0 . 2 w r 30 

= w r 60 
= 0 . 5 w r 45 

= 5 w σb 
= 10 w σ T 

60 
= 10 w σ T 

75 
= 20 w σ T 

90 
= 50 

Table 4 

Identified parameters for the 2090-T3 aluminum alloy for the considered yield criteria. 

CB2001 a 1 a 2 a 3 a 4 
1.358 1.848 1.075 1.709 

b 1 b 2 b 3 b 4 b 5 b 10 c 

5.357 −0.623 −4.386 −3.654 −6.046 −0.882 0.857 

C 11 C 22 C 33 C 66 C 23 C 13 C 12 k 

CPB06 1.0 0 0 −0.473 −1.381 1.421 0.151 0.119 0.999 0.050 

CPB06 k = 0 T 1.0 0 0 0.987 1.019 1.134 0.006 0.036 0.195 0.0 0 0 

CPB06 k = 0 C 1.0 0 0 1.013 1.007 −1.162 0.057 −0.059 0.196 0.0 0 0 

Table 5 

Experimental and numerically predicted biaxial yield stress and anisotropy coefficient 

for the 2090-T3 aluminum alloy. 

Experimental CB2001 CPB06 CPB06 k = 0 T CPB06 k = 0 C 

σ b [MPa] 287.48 285.89 229.48 228.13 216.63 

r b 0.67 0.660 0.893 1.078 0.710 

Fig. 4. Predicted yield surfaces in the (a) σ 11 , σ 22 plane (with σ 33 = 0) and (b) π-plane (normalized with the yield stress value of Y 0 = 279.62 MPa). 

Fig. 5. Numerically predicted punch force and blank-holder displacement evolu- 

tions with punch displacement. Solid lines represent the punch force and dashed 

lines represent the blank-holder displacement. 
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etween 47 mm and 52 mm of punch displacement, corresponding

o the ironing of the cup’s flange between the punch and the die.

he lower punch force values for the ironing stage, occur for both

ases of the CPB06 with k = 0, since they present a lower value

or the flange thickening, as shown in Fig. 6 . Fig. 6 also shows

hat the “CPB06 k = 0 T” presents a thickness strain distribution in

he flange which is more uniform than the other cases. Since both

PB06 cases with k = 0 describe the in-plane r -values similarly, the

bserved differences can be related with the in-plane yield stress

istribution. For the “CPB06 k = 0 T”, the thickness strain distri-

ution in the flange is more uniform than in the “CPB06 k = 0 C”

ecause, although the in-plane yield stress distribution presents a

imilar trend, the amplitude of variation is smaller for the “CPB06

 = 0 T” (see Fig. 3 (a)). The “CPB06 k = 0 C” presents a higher thick-

ning of the flange mainly for angles closer to the transverse direc-

ion, as shown in Fig. 6 (d), which is a direct result of the fact that

he yield stresses are higher for angles closer to this direction. In
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Fig. 6. Through-thickness strain distribution, for a punch displacement of 30 mm for the: (a) CPB06; (b) CB2001; (c) CPB06 k = 0 T and (d) CPB06 k = 0 C. 
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act, the ratio between the yield stresses in RD and TD, σ T 
RD 

/σ T 
TD 

re 1.028 and 0.882 for the “CPB06 k = 0 T” and the “CPB06 k = 0

”, respectively. 

The analysis of the influence of the predicted yield stresses and

nisotropy coefficients evolution in the predicted cup height, must

ake into account the ones corresponding to compression, since

he in-plane compression stress state is the one predominant in

he flange area ( Yoon et al., 2011 ). Also, other authors have shown,

onsidering the present example of the drawing of a circular cup,

hat both the compression yield stresses and the anisotropy coeffi-

ients in the rolling direction will have a direct impact on the ma-

erial behavior at the transverse direction and vice-versa . In fact,

he behavior of the rim in the direction defined by θ with the

olling direction is controlled by the material compression proper-

ies in the direction defined by 90 − θ ( Chung et al., 2011; Mulder

nd Vegter, 2011; Yoon et al., 2011 ). Based on these results, Yoon

t al. (2011 ) proposed an analytical function to estimate the cup

eight directionality, 

 

cup ( θ ) = t 0 + r c + 

R b 

A θ+90 + 1 

(
d A θ+90 − 1 

d 

)
B θ

A θ+90 , (12) 

here t 0 is the initial blank thickness, R b is the blank radius and

 c is the radius of the cup defined by the punch fillet radius. The

 -value and the yield stress directionalities influence is dictated by

 θ+90 = 

r θ+90 

1 + r θ+90 

and B θ = 

(
σref 

σ T 
θ

)β ′ 

(13) 

espectively. Assuming that the uniaxial tension and compression

ead to identical r -values, these can be expressed as a function of

he plastic strains at the rim 

 θ+90 = 

ε r 
ε t 

= − ε r 
ε r + ε 

, (14) 

θ

ere subscripts r , θ and t correspond to the radial, circumferential

nd thickness directions, respectively. It is also assumed that the

adial tension can be modelled from the yield stress directionality
T 
θ

, such that 

ref = 

∫ 2 π
0 σ T 

θ
d θ

2 π
= 

1 

12 

[
σ T 

0 + 2 

(
σ T 

15 + σ T 
30 + σ T 

45 + σ T 
60 + σ T 

75 

)
+ σ T 

90 

]
, 

(15) 

or an orthotropic material, for which data is known for every 15 °.
he deceleration β ′ factor is introduced to take into account the

ariation of the stress mode along the flange, i.e. β ′ = 1 corre-

ponds to the assumption that the stress mode at the inner most

ange is applied to the entire flange; β ′ = 0.5 corresponds to a lin-

ar distribution of the radial tensile stress; the recommended value

s 0.5 ≤ β ′ ≤ 1. Finally, d corresponds to the ratio between the

lank radius R b and the cup radius R c . 

This analytical function shows that a lower value of the

nisotropy coefficient leads to lower cup height whereas lower val-

es of the yield stresses lead to a higher cup height ( Yoon et al.,

011 ). The cup height was estimated for all cases under analy-

is using Eq. (12) , considering β ′ = 0.5 and the predicted in-plane

ield stress and r -value distribution. Note that, for the “CPB06”

wo cases where considered: (i) using the tensile yield stress and

 -values (labeled “CPB06 T”) and (ii) using the compression yield

tresses and r -values (labelled “CPB06 C”). The results obtained for

he cup height, normalized by the experimental cup height at RD,

re shown in Fig. 7 (a). For this particular case, the earing profile is

ainly dictated by the r -value in-plane distribution, which is sup-

orted by the comparison of its trend with the one shown in Fig.

 (b). Moreover, it is possible to confirm that for the “CPB06 k = 0

” the cup height attains the higher values, while the “CPB06 C”

eads to the lowest ones, has a consequence of the similar yield
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Fig. 7. (a) Analytically predicted normalized cup height; and (b) experimental and numerically predicted cup height, vs . angle from rolling direction. 
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stress distribution and the lower compression r -values. The com-

parison of the results obtained with both CPB06 cases with k = 0,

which present a similar in-plane distribution for the r -values, con-

firms that the yield stress in-plane distribution presents a small

effect, which can be related with its small amplitude of variation. 

Fig. 7 (b) presents the comparison between experimental and

numerically predicted cup height vs . angle from rolling direction,

after the drawing operation. Regarding the earing profile, globally

the shape is well predicted by for cases, with the maximum height

at about 45 °. Also, the average height is within the experimental

values. However, the increased experimental height at 0 ° is not

predicted by any of the CPB06 identifications, which can be at-

tributed to the fact that this yield criterion, considering only one

linear transformation, is not flexible enough to predict more than

4 ears. In fact, the CB2001 can predict the higher height for 0 ° as

a direct consequence of the good prediction of both yield stresses

and r -values directionalities ( Fig. 3 ). The differences in height be-

tween the “CPB06” and both cases of the CPB06 with k = 0 can

be attributed to the difference in the predicted r -values for the

compression state, with both “CPB06 k = 0 T” and “CPB06 k = 0

C” predicting similar values, which are higher than the ones pre-

dicted by the “CPB06” for approximately 30 ° and forward. The dif-

ferences between “CPB06 k = 0 T” and “CPB06 k = 0 C” are neg-

ligible. These results follow the trend observed in the analytical

prediction (see Fig. 7 (b)), although numerically the effect of the

in-plane yield stress distribution becomes even more irrelevant. In

this context it should be mentioned that, although not shown here,

for a punch displacement of approximately 25 mm, the contact

conditions change in the flange area and the stress state compo-

nent in the thickness direction alters the compression stress state

in the circumferential direction, for the material points located in

the outer flange ( Barros et al., 2016a ). This stress state change is

slightly more evident for the “CPB06 k = 0 C” than for the “CPB06”

and the “CPB06 k = 0 T”, due to the higher difference in the thick-

ness distribution in the flange area (see Fig. 6 (d)). The contact con-

ditions in the flange area influence the earing profile predicted,

particularly for materials with a strong anisotropic behavior of the

r -values ( Barros et al., 2015a ). This influence of the contact con-

ditions also justifies the differences between the predictions ob-

tained with the analytical function and the numerical simulation.

For this particular case, the analytical function overestimates the

cup height, but enables an analysis of the effect of the yield stress

and r -value in-plane distribution in the earing profile. 

Fig. 8 presents the thickness strains evolution along the cup,

measured experimentally and the ones predicted numerically.

Globally, the thickness strain is well predicted in all cases, with
 reduction for an initial material position of about 40 mm, corre-

ponding to the punch radius. From about 60 mm forward, a thick-

ning is observed both experimentally and numerically. Globally

he thickening is overestimated, whichever case considered, which

an be related to the lower average height estimated for the cup

see Fig. 7 (b)). Regarding the experimental trend, the thickness

train in the rolling direction is lower than the one in the trans-

erse direction. The “CPB06” globally captures this trend, while

he “CB2001” presents the opposite behavior (see Fig. 8 (a)). The

CPB06 k = 0 T” presents the same behavior as the “CB2001”, while

CPB06 k = 0 C” is able to describe the differences between the

olling and the transverse direction (see Fig. 8 (b)). In fact, the

CPB06 k = 0 C” presents a higher difference between the RD and

he TD thickness strains than the “CPB06” case. This can be re-

ated with the ratio between the compression yield stress in RD

nd TD, σ C 
RD 

/σ C 
TD 

, with an experimental value of 0.931. The “CPB06

 = 0 C” and the “CPB06” present values of 0.882 and 0.905, re-

pectively. Thus, a higher value for the compression yield stress

long TD, when compared with the one for RD (see Fig. 3 ), leads

o a higher thickening in the transverse direction, as shown in Fig.

 . This also explains why the “CB2001” and the “CPB06 k = 0 T”

annot capture this effect, since they impose the same trend for

he tensile and compressive yield stress, with the σ C 
RD 

/σ C 
TD 

ratios

qual to 1.113 and 1.028, respectively. Thus, the yield stress at RD

s higher than for TD. These results indicate that it is important to

apture the ratio σ C 
RD 

/σ C 
TD 

in order to improve the thickness predic-

ion. Moreover, it is known that the r -value dictates the thickness

train, which as previously mentioned, should be the one for the

ompression state, but its experimental values unfortunately are

navailable. 

. Conclusions 

The numerical simulation of the drawing of a cylindrical cup

as performed considering a 2090-T3 aluminum alloy, with two

ield criteria. The results highlight the importance of an accurate

escription of the material yield stresses and r -values in-plane di-

ectionalities, for compression stress states, in order to have more

ccurate predictions of both the earing profile and the thickness

istributions. In fact, for the example under analysis, the results

how that the earing profile is mainly dictated by the compres-

ion r -values in-plane directionalities, which are commonly un-

vailable for thin metallic sheets. The adoption of a yield criterion

hat takes into account the SD effect, combined with an associated

ow rule, enables the simultaneous prediction of both compression

ield stress and r -values directionalities. The compression yield
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Fig. 8. Experimental and numerically predicted thickness strain for the rolling and transverse directions for the (a) CPB06 and CB2001 and (b) CPB06 k = 0 T and CPB06 

k = 0 C. Solid lines used for the RD while dashed lines are used for the TD. 
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tresses directionalities seem to play a major role in the thickness

rediction. The adoption of a flexible yield criterion, such as the

B2001, allows a proper prediction of the earing profile, but fails

o capture the trend for the thickness distribution, since it imposes

he same trend for the tensile and compression yield stresses di-

ectionalities. Following these conclusions, it is recommended the

se of a yield criterion that is flexible enough to describe both the

ield stresses and r -values directionalities, including the ones in

ompression, even for materials presenting a small SD effect. In

his context, the use of the CPB06 with two linear transformations

ill be analyzed in a future work. 
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